Abstract: Results on singular products of Schwartz distributions on the Euclidean space R m are derived when the products are so 'balanced' that they exist in the distribution space. The results follow the idea of a known distributional product published by Jan Mikusiński and are obtained in Colombeau algebra of generalized functions. This algebra contains the distributions and the notion of 'association' permits obtaining results on the level of distributions.
The Schwartz distributions are widely employed in natural sciences and many mathematical fields. Since products of distributions with coinciding singularities often appear in them, the problem of their multiplication has been objective of studies for a long time. On the other hand, the differential algebra G of generalized functions of J.F. Colombeau has become popular since it has almost optimal properties for tackling non-linear problems of distributions: they are linearly embedded in G and the multiplication is compatible with differentiation and products with smooth functions. The so-called 'association' in G, being a faithful generalization of the equality of distributions, makes it possible to obtain results on distributional level. This is why the generalized functions of Colombeau have application to various mathematical fields. Here we follow this approach: a product of distributions with coinciding point singularities is evaluated, as they are embedded in G and their product admits an associated distribution.
Recall now the famous result of Jan Mikusiński published in [5] :
Although, neither of the products on the left-hand side here exists, their difference is so 'balanced' that it has a correct meaning. Formulas of this kind can be found in the mathematical and physical literature. In [2] we derived generalizations of (1) in Colombeau algebra G(R), while in [3] and [4] further balanced singular products of distributions were obtained. In the present paper, new results on singular products of the distributions x a ± and δ (p) (x) (x ∈ R m ) are derived in the algebra G(R m ). We will remind first some basic notions of Colombeau theory. 
, where δ 00 = 1, δ 0j = 0 for j > 0}. This also extends to R m as an m-fold product:
(c). For ϕ ∈ A 0 (R) and ε > 0, we will use the following notation: 
is the subalgebra of functions such that for each compact subset K of R m and p ∈ N m 0 there is a q ∈ N so that for any
is the set of functions that for each compact subset K of R m and p ∈ N m 0 there is a q ∈ N so that for every r ≥ q and ϕ ∈ A r (R m ),
The algebra G contains the distributions canonically embedded as a C-vector subspace by the map i :
Definition 2. (a)
The functions f, g ∈ G are 'associated', which is denoted as f ≈ g, if for some f (ϕ ε , x) and g(ϕ ε , x) and arbitrary ψ(x) ∈ D(R m ) there is some q ∈ N 0 so that, for any ϕ(x) ∈ A q (R), it holds:
there is a q ∈ N 0 such that, for any ϕ(x) ∈ A q (R), it holds:
The distribution associated, if it exists, is unique and its image is associated with the former [1] , the association thus being a faithful generalization of equality in D ′ (R m ). Then, by product of distributions in the algebra G is meant the product of their embeddings, whenever the result admits an associated distribution. Now, if x −p and δ (q) (x) are embeddings in G(R) of the corresponding distributions, the following generalization of (1) for any p, q ∈ N 0 was proved in [2] :
Below we shall need this general property of balanced products of distributions on R m with tensor-product structure [4] .
, and their embeddings in G(R) satisfy :
m. Then it holds for the embeddings in
We proceed further to evaluating some balanced products of the distributions x a ± and δ (p) (x) in G(R m ). Notation 2: (a). Let a = (a 1 , . . . , a m ) (b). Denote further the 'normed' powers of x ∈ R m , a ∈ Ω m , and supported only in one quadrant of R m , as follows :
for x > 0/ x < 0, = 0 elsewhere }.
We will prove now the following.
where
On changing the variables y = σv + x x = −σu, we get:
Here the notations τ := σv − σu and δ := δ(u, v) are temporarily used for shortness. Applying the Taylor theorem to the test-function ψ and changing the order of integration we get: Example. The following equation is obtained on replacing the model F (x) of a function f (x) ∈ C 2 d (R \{0}) with the model H of the θ-function in equation (3):
